In this paper, we give exact analytical solutions to the case of neutrinos propagating through single and multiple unit-step density profiles. The resulting oscillation probability for several nonadiabatic density shifts needs to be modelled in 4-dimensional parameter space (n, L0, d, ∆L), where n is the number of iterations, L0 is the distance from source to first density shift, d is the length of the material slabs, while ∆L is the space between them. We show that a set of resonance parameters can be found to obtain a complete flavor conversion of any neutrino species. This can be done for both neutrinos and antineutrinos. Using only a single unit-step density profile, realistic detector setups are insufficient to produce any significant deviation between the vacuum and matter oscillation probability.
I. INTRODUCTION
Ever since Pontecorvo gave birth to the concept of neutrino oscillations in 1969 (see Ref. [1] ), the model has evolved significantly over the years (see for instance Refs. [2, 3] ), allowing us to have a pretty clear understanding of neutrino behaviour today. In short, the theory states that the physical neutrino ν l produced in weak interactions, which comes in three flavors l = e, µ τ , really is a superposition of so-called mass eigenstates denoted by ν i with i = 1, 2, 3. The mass eigenstates propagate with different velocities due to their variation in mass. This leads to a time-dependent phase of the flavor neutrino ν l . A quantitative analysis of this scenario gives a welldefined probability to measure a different flavor ν l ′ at a given time after the creation of the ν l .
Oscillations are modified in the presence of a massive medium, since neutrinos propagating through this will feel matter potentials. This gives rise to the so called MSW-effect (Mikheyev-Smirnov-Wolfenstein), which in short alters the vacuum oscillation probability for neutrinos passing through a medium. This effect can have dramatical consequences for neutrino oscillations in resonance situations. In this paper, we study how the MSWeffect behaves for single and multiple unit-step density shifts in the trajectory of a neutrino beam. This is done using the framework of quantum field theory and electroweak interactions in conjunction with fundamental theory for neutrino oscillations. One would expect to obtain a very large set of adjustable parameters in this scenario, such as detector dimensions, material density, and neutrino mixing parameters depending on which species are being studied.
The main result is that it is possible to find a set of resonance parameters (n, L 0 , d, ∆L) to obtain a full conversion from a flavor α to β for both neutrinos and an- * Electronic address: jacobrun@stud.ntnu.no † Electronic address: kolaussen@phys.ntnu.no tineutrinos. In other words, the oscillation probability can be boosted to unity for any neutrino species with the right set of parameters. This is done by exploiting the MSW-effect for multiple non-adiabatic density shifts. The conditions placed upon the detector lengths are realistic when using LSND (see Ref. [9] ) parameters. This paper is organized as follows. In Sec. II, the fundamental theory of neutrino oscillations and MSW-effect together with relevant weak interactions are very briefly reviewed. Sec. III provides an analytical derivation of the oscillation probabilities for a single and multiple unit-step profiles. Finally, a conclusion is given in Sec. IV. Unless specifically stated otherwise, natural units = c = 1 will be used from now on.
II. FUNDAMENTAL THEORY

A. Oscillations
The neutrino flavor states |ν α are linear superpositions of the mass eigenstates |ν i and vice versa. The mixing between these two sets of states is given by the 3 × 3 neutrino mixing matrix U , usually parametrized as in Ref. [3] . The mixing explicitely reads |ν α (x, t) =
, where |ν i (x, t) is the mass eigenstate with mass m i , and α is the neutrino flavor e, µ, or τ . One can invert the above mixing equation to obtain |ν i (x, t) = α U * iα |ν α (x, t) . The time dependence of the mass eigenstates is assumed to be |ν i (x, t) = e −iEit |ν i (x, 0) . These relations are combined to produce the familiar three-flavor oscillation probability
(1)
ij representing the mass square difference, t = L as distance traveled, and E as the neutrino kinetic energy. We have assumed the orthonormality condition ν i (x, t)|ν j (x, t) = δ ij to be valid. In addition, we make use of to the equal momentum assumption
, where E i is the total energy for mass eigenstate |ν i .
Restricting the number of flavors to two, the relation between flavor and mass eigenstates is parametrized by a 2 x 2 mixing matrix U through
where c θ ≡ cos θ and s θ ≡ sin θ. The exact probability amplitude is calculated in the same way as for three flavors, finding
From now on, the first term will be named the amplitude term A while the second one shall be refered to as the oscillation term W.
B. Matter potentials
Neutrino oscillations are altered in the presence of matter. This is readily seen by considering the energy contribution to the Hamiltonian from scattering on for instance electrons and neutrons. In the two-flavor case (ν e , ν µ ), the evolution of the mass eigenstates in vacuum is de-
where U is the mixing matrix from Eq. (2). The MSW-effect is included by taking into account neutrino interaction with particles in matter, yielding
, omitting the notation flav for quantities in flavor space from now on. Here, the superscript refers to the scattering component while the subscript indicates which gauge boson mediates the reaction, i.e. neutral or charged current. For example, V µ Z represents the effective matter potential due to neutral current scattering on muons. A list of the matter potentials can be found in Ref. [4] , and we simply cite the results in Tab. I. Generalization to matter potentials for ν τ should be trivial. The upper sign refer to neutrinos, while the lower gives the matter potential for antineutrinos. The difference in sign stems from the operator sequence in the second quantized fields, and a rigorous explanation of this is found in Ref. [5] . Since N µ ≃ 0 for matter on Earth, V [4] .
Type of reaction
Matter potential
C. MSW-effect for constant density
In the (ν e , ν µ ) scenario, the equation of motion for neutrinos in matter
T . When only including V e W in the effective potential, one obtains
The modified oscillation probability in matter was originally derived by Wolfenstein in 1978 (see Ref. [6] ). In short, the transformation from vacuum scenario to presence of matter is obtained by substituting the vacuum parameters with their matter equivalents, i.e. θ → θ m and ∆m 2 → ∆M 2 , for the case of a constant electron density. Performing these operations on Eq. (3) results in the total oscillation probability for neutrinos traversing through matter P
where N = 2 √ 2G F N e E/∆m 2 . This result tells us how the oscillation probability is modified for the MSW-effect. The mixing between neutrinos becomes maximal when N = c 2θ , since this leads to A m = 1. This means that there exists a resonance density N e that leads to A m = 1 for a given neutrino energy E and square mass difference ∆m 2 .
III. EXPLOITING MSW-EFFECT IN DETECTION
The case of an electron density behaving like a unitstep function is of practical importance since it models a very realistic situation. Take for instance neutrinos propagating through air and eventually hitting a solid detector. The electron density is then exactly of the type described by a unit-step function, with a violent shift at the boundary between air and detector. In the following sections, we shall investigate the behaviour of the oscillation probability as the neutrinos intrude a medium through a single and multiple non-adiabatic density shifts.
A. Single unit-step profile
We begin by rewinding our analysis from Sec. II C back to Eq. (5), where the time-dependence of the electron density must be taken into account. The situation being considered is illustrated in Fig. 1 . Our electron density is now described by N e (t) = N 0 × Θ(t − L 0 ), where N 0 is the electron density in the medium, L 0 is the baseline length traversed by the neutrinos before hitting the slab of material, and Θ(t − L 0 ) is an ordinary unit-step function. The abrupt shift in electron density is certainly non-adiabatic, and corresponds to a momentous change in mixing angles and mass eigenvalues for the neutrino eigenstates. As pointed out in Ref. [3] , the flavor eigenstates must be continuous in the transition between vacuum and a massive medium even if the density change is extremely non-adiabatic. Since the flavor states are coupled to the mass eigenstates through Eq. (2), this condition reads
We seek to express the new mass eigenstates |ν im (x, 0) in terms of the old |ν i (x, 0) . Straight-forward matrix multiplication leads to the equations
where we have shortened down the notation to |ν im (x, 0) ≡ ν im . We are ready to compute the oscillation probability P να→ν β , where the tilde represents our special case of the non-adiabatic transition from θ → θ m .
In the general case, we start off with a neutrino of flavor α at t = 0 and ask the question: What is the probability to measure a ν β at t ≥ t 0 , given that the neutrino in question is a ν α at t = 0? Now, the α-flavor in vacuum and β-flavor in matter are described by
The probability for a flavor conversion from α to β after the neutrino has crossed the density shift at t = t 0 is then given by
Inserting the new mass eigenstates from Eq. (8) together with the orthonormality condition ν i (x, t)|ν j (x, t) = δ ij leads to
We have introduced the constants a 1 = −c θ s θm c θ c θm + s θ s θm , a 2 = −s θ s θm s θ c θm − c θ s θm a 3 = c θ c θm c θ s θm − s θ c θm , a 4 = s θ c θm s θ s θm + c θ c θm . As demanded by consistency, P να→ν β (t = t 0 , t 0 ) = P να→ν β (t 0 ) for all θ.
To get an impression of how Eq. (12) behaves, consider Fig. 2 . L p designates the distance where the vacuum oscillation probability Eq. (3) reaches its first maximum, i.e. L p = 2πE/∆m 2 . As is seen from the plot, there is hardly any distinction between P να→ν β and P να→ν β on a scale of O(m) after the non-adiabatic density shift. On a larger scale, the picture is quite different. Here, P να→ν β actually reaches unity after a sufficiently large interval using θ m = π/4. An interesting observation of the results in Fig. 2 is that there is a significant difference between the vacuum oscillation probability and the equivalent in matter after a certain interval, dependent on where L 0 is chosen. This could be exploited in terms of placing restrictions upon the mixing parameters (∆m 2 , θ). We shall discuss this idea in detail later on. For L 0 ≥ L p , the presence of a non-adiabatic density shift is seen to enhance the oscillation probability immediately after the shift.
The mixing angle θ m in the medium is in general a function of several parameters such as kinetic energy E and electron density ρ. In the following section, we study the density dependence of the mixing angle to understand what kind of materials that are required in order to enhance oscillation probabilities.
B. Mass density vs. mixing angle
The mixing angle θ m in a medium of constant electron density is given by s 2 2θm = A m . It is instructive to consider the dependence of the mixing angle upon the total mass density ρ. In the case of an electrically neutral medium, the total mass density is given as ρ = N e (m p + m n + m e ), where m p , m n , and m e are the proton, neutron, and electron masses, respectively. Explicitely, the medium mixing angle reads
where ρ has been inserted under the approximation m p ≃ m n and discarding the m e -term. In the following, let ρ R and N R e denote the resonance mass density and electron density that gives θ m = π/4. since the most dense material on Earth is Iridium with ρ ≃ 22 g/cm 3 [8] . It is clear from the plot that resonance peaks θ m = π/4 occur for values of ρ within the set range for the atmospheric neutrinos, while the solar neutrinos require impossible densities in order to satisfy the resonance condition. From Fig. 3 , we see that low densities ρ < ρ R correspond to small mixing angles, but never smaller than the vacuum mixing angle for the relevant species (solar or atmospheric). Larger densities ρ > ρ R forces θ m down towards zero. However, the amount of material available in large quantities for detection purposes drastically reduces for each increasing unit of ρ.
In an experimental setup, the mixing angle, i.e. material density, can be chosen dependent on whether one wishes to significantely enhance or decrease the oscillation probability. An interesting opportunity arises from this study. Effectively, the modified oscillation probability depends on the following variables: neutrino kinetic energy E, material density ρ, baseline length L 0 . By placing a slab of material in the trajectory of the neutrino beam, the oscillation probability is changed, thus altering the expected ratio of ν α and ν β measured behind the slab, compared to normal vacuum oscillations. This could actually be used to determine the neutrino parameters ∆m 2 and θ to a higher accuracy. By comparing the flux ratio F να /F ν β with and without a slab of material in front of the detector, information could be acquired concerning the mixing parameters such as the mass of the neutrino.
However, if this effect is to give a significant deviation between the vacuum and matter probabilities, θ m needs to differ as much as possible from θ. From Fig. 3 , we see that this cannot be done for solar parameters, since the variation over ρ ∈ [0, 20] g/cm 3 is too small. The deviation reaches ≃ 0.15 for densities at the border of 20 g/cm 3 , but the amounts of matter with that kind of density is very limited. The mixing angle can be substantially altered in the case of atmospheric neutrino parameters, but we cannot take advantadge of the MSW-effect for this species due to the low concentrations of µ and τ particles on Earth. Therefore, we conclude that although it is possible in theory to produce a significant deviation between oscillation probability in vacuum and a medium, it cannot be done for densities that are present in matter on Earth.
C. Neutrino propagators
We can use a more instructive approach using propagators to derive Eq. (12). Consider the flavor state vector |Ψ(x, t) flav describing the neutrino. Our initial condition is that |Ψ(x, 0) flav = [1 0]
T , using a basis where |ν α (x, 0) = [1 0]
T and |ν β (x, 0) = [0 1] T . The mass eigenstate vector is then given by |Ψ(x, t) mass = U −1 |Ψ(x, t) flav . Since the mass eigenstates have a timedependence through the exponential factor exp(−iE i t), we can write the flavor state vector as |Ψ(x, t) flav = K(t 0 )|Ψ(x, 0) flav , where the propagator K(t 0 ) is defined by K(t) = U diag(e −iE1t , e −iE2t )U −1 . Up to the point t 0 , our treatment is analogous to the vacuum case. Demanding that the flavor eigenstate is contineous across the density shift, we write |Ψ(x, t 0 )
where the superscript M denotes our transition to a massive medium. The propagation through the medium is described by replacing the vacuum quantities with their medium equivalents, such that the flavor state vector in the medium is
(14) Here, K M (t − t 0 ) is defined in a similar fashion as the vacuum propagator, namely
m . This is an interesting result. Eq. (14) gives us the opportunity of using the K(t) and K M (t) propagators to "rotate" the original flavor eigenstate ν α into a ν β by an appropriate choice of parameters. This is illustrated in Fig. 4 .
Simply put, if we write |Ψ(x, t, t 0 )
Neutrino source
Rotating eigenstate vectors
Neutrino beam
Using the propagators K(t) and KM (t) to rotate the original να into a ν β .
[A(t, t 0 ) B(t, t 0 )] T , then a rotation to another flavor eigenstate means making |B(t, t 0 )| 2 as large as possible, since the lower component describes the β-flavor. The formalism of neutrino propagators enables us to consider several non-adiabatic density shifts, using the appropriate propagator for each region of vacuum and matter.
D. Multiple unit-step density profiles
Here, we expand our idea to multiple unit-step density profiles, i.e. periodic structures. The idea of using multiple propagators for rotating the neutrino eigenstate vector is interesting in terms of detection. The behaviour of the oscillation probability when using multiple unit-step density profiles, as shown in Fig. 5 .
Similarly to Eq. (14), we obtain |Ψ(
Neutrino production point t = 0 = K TOT (L 0 , ∆L, n, d)|Ψ(x, 0) flav , where
Hopefully, it would be possible to adjust the parameters L 0 , ∆L, n, and d so that the oscillation probability significantely differs from the vacuum scenario after a reasonable number of iterations n. A criteria for such behaviour is that the relevant neutrino species needs to have a short oscillation length both in vacuum and matter of realistic density, so that the probability does not need too much time to in order to change. As we have seen in the previous sections, solar and atmospheric neutrinos are poor candidates for such a detector setup. The oscillation length is given as the length of a cycle in the oscillation probability, i.e. the period where the argument of W goes from 0 to π, so that L osc = 4Eπ/∆m 1 − 10 2 m. This is more to our liking, since these numbers mean that a full oscillation cycle will take place over an interval of only about 100 m.
So let us take on an analytical approach to find the conditions appropriate to rotate a neutrino flavor. Eq. (15) can be written
where U and U m are the ordinary 2 x 2 mixing matrices in vacuum and the medium, while D(x) = diag(1, e T is obtained when we set L 0 = ∆L and choose the phases such that
As a consequence, −1) , and one obtains
where σ y is the Pauli matrix
with the definition ∆θ ≡ (θ m − θ). The resonance condition for the number of iterations n is then 2n∆θ = ±π/2. If this condition is met, the probability for a flavor conversion reads P να→ν β = sin 2 (2n∆θ). It is important to realize that this resonance crucially depends on choosing the phases properly. To see this, let recall that d and ∆L must be chosen to satisfy Eq. (17). If d and L instead are slightly perturbed to satisfy ∆m 2 ∆L/2(E + ∆E) = ∆M 2 d/2(E + ∆E) = π, the conversion probability never reaches unity and is displaced. This is shown in Fig. 6 . In general, the width of the resonance depends on ∆θ.
FIG. 6: Oscillation probability for the setup in Fig. 5 as a function of number of iterations. n is given in units of N = π/∆θ. As expected, the resonance occurs at n = π/4∆θ. We have used material slabs of density ρ = 1 g/cm 3 .
For ∆E/E ∼ ∆θ, it is seen from the graph that one still gets reasonably close to the resonance. 3 , ∆θ ∼ 10 −9 , so that the resonance is very narrow. Actually, the number of iterations required to increase P να→ν β will be very large unless there is a way of obtaining a large ∆θ in the medium, which cannot be done for realistic densities.
It is true that the neutrino oscillation probability in a medium can reach unity for a resonance density (see Eq. (6)), although the required densities are impossible to obtain for solar best-fit values. Antineutrinos, on the other hand, cannot meet the resonance condition N = c 2θ since the potential sign is reversed. Our treatment of multiple non-adiabatic density shifts thus enables the complete conversion of one antineutrino flavor α to a flavor β, which is relevant for accelerator and reactor experiments involving ν α → ν β oscillations.
This analysis has shown that it is possible, in theory, to obtain a complete flavor conversion for any neutrino species by exploiting the MSW-effect for multiple nonadiabatic density shifts. Gaining an angle ∆θ for every density shift in the oscillation probability, the final expression P να→ν β = sin 2 (2n∆θ) depends on the number of iterations n. A large ∆θ means few iterations, but this is hard to achieve in laboratory experiments, as we have seen.
IV. CONCLUSION
The scenario of a neutrino beam experiencing a non-adiabatic density shift is relevant for realistic detection experiments. In this paper, the authors have investigated the possibility of significantely altering the oscillation probability by exploiting the MSW-effect for single and multiple unit-step density profiles. This could be useful in determining neutrino mixing parameters (∆m 2 , θ) to a higher accuracy. Using multiple unit-step density profiles, it is possible to obtain a complete flavor conversion for both neutrinos and antineutrinos when using a resonance set of parameters (n, L 0 , ∆L, d). A full conversion occurs when the number of iterations n is proportional to the inverse of the difference in mixing angle ∆θ between vacuum and medium. Densities present in matter on Earth cannot alter the mixing angle significantely, so that ∆θ is very small. The number of iterations then becomes too large to constitute any realistic proposal for an experimental setup.
